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Abstrat
By inorporating spinning partiles into the framework of
lassial General Relativity, the theory is hanged insofar, as, though
using holonome oordinates, the onnexion beomes asymmetrial.
This implies that partial derivatives do not ommute any longer, ne-
essarily.
Hene, the lass of funtions under onsideration has to be extended.
A non minimal extension leads to the possibility of spaetime warps
for spinning partiles.
The asymmetry of a spinning partiles energy-momentum tensor is well-
known from Noethers theorem [2℄.
Theorem 1
The asymmetry of the energy-momentum tensor of the spin partile leads to
the asymmetry of the onnexion.
T µν 6= T νµ =⇒ Γµν 6= Γνµ(0.1)
1
2Proof
Let us subdivide the proof into dierrent lemmata.
First, we shall show that the asymmetry of the energy-momentum tensor
yields to to the asymmetry of the Einstein tensor.
This leads to the asymmetry of the Rii tensor and that yields to the asym-
metry of the onnexion.
Tµν 6= Tνµ
(1)
=⇒ Gµν 6= Gνµ
(2)
=⇒ Rµν 6= Rνµ
(3)
=⇒ Γλµν 6= Γ
λ
νµ.(0.2)
The third part of the proof we shall show indiretly.
Γλµν = Γ
λ
νµ
(3)
=⇒ Rµν = Rνµ(0.3)
Lemma 2
Tµν 6= Tνµ
(1)
=⇒ Gµν 6= Gνµ(0.4)
Proof
The asymmetry of the energy-momentum tensor yields to to the asymmetry
of the Einstein tensor. This is shown most diretly by the eld equations.
Gµν =
1
8π
Tµν(0.5)
3Lemma 3
Gµν 6= Gνµ
(2)
=⇒ Rµν 6= Rνµ(0.6)
Proof
If the Einstein tensor is asymmetrial, either the Rii tensor has to be
asymmetrial or the metrial tensor, as an be onluded by the denition
of the Einstein tensor.
Gµν = Rµν −
1
2
gµν R(0.7)
As the metrial tensor is not asymmetrial due to its transformation
property, the Rii tensor remains the only andidate.
The metrial tensor transforms as follows:
gµν =
∂ξα
∂ xµ
∂ξβ
∂ xν
ηαβ,(0.8)
due to the invariane of the innitesimal line element ds2 = gµνdxµdxν .
ηαβ designates the metrial tensor of at spae.
The metrial tensor annot be asymmetrial, as real numbers ommute and
if the matrix elements of the metrial tensor are not fored by hand to be
matries of higher rank, they are real numbers.
As gµν is not asymmetrial, Rµν has to be.
4Lemma 4
Rµν 6= Rνµ
(3)
=⇒ Γλµν 6= Γ
λ
νµ.(0.9)
Proof
This proof is indiret, as well, whih means we show that the symmetry of
the onnexion leads to the symmetry of the Rii tensor.
Γλµν = Γ
λ
νµ ⇒ Rµν = Rνµ.(0.10)
As this part of a part of the proof is not straightforward, we shall subdivide
it into dierent parts.
Γ λµν = Γ
λ
νµ
(3.1)
=⇒ Γ λµν =
1
2
g λ̺ (∂µ gν̺ + ∂ν g̺µ − ∂ ̺gµν)(0.11)
(3.2)
=⇒ Rµν = Rνµ(0.12)
The symmetry of the onnexion leads to the well-known orrelation between
the Christoelsymbol and the metrial tensor.
But if the onnexion has the form of the Christoelsymbol, the Rii tensor
is symmetrial.
Proofs of 3.1 and 3.2
The proofs an be reonsidered in [1℄.
Therefore, we have shown that the symmetry of the onnexion leads to the
symmetry of the Rii tensor and hene, that the asymmetry of the Rii
5tensor yields to the asymmetry of the onnexion by logial denial.✷
Theorem 5
If the onnexion is asymmetrial in holonome oordinates, the partial deriva-
tives do not ommute any longer.
Γµν 6= Γνµ =⇒
∂2xλ
∂xµ∂xν
6=
∂2xλ
∂xν∂xµ
(0.13)
Proof
The equation of motion of a salar partile in holonome oordinates is[1℄
d2xλ
dτ 2
+
∂xλ
∂ξα
∂2ξα
∂xν∂xµ
dxµ
dτ
dxν
dτ
= 0(0.14)
This yields to to the following equation
Denition 6
∂xλ
∂ξα
∂2ξα
∂xν∂xµ
= Γλνµ(0.15)
Therefore, if the onnexion is asymmetrial, partial derivatives do not om-
mute any longer.
Theorem 7
As a onsequene, the lass of funtions under onsideration has to be ex-
tended (Analysis2).
6xµǫ X ⊂ Y(0.16)
Proof
This is lear: The partial derivatives ommute for ontinuous funtions, the
derivatives of whih are ontinuous[3℄.
Therefore, if the partial derivatives do not ommute any more, the funtions
under onsideration are either not ontinuous or their derivatives are not.
We might as well assume, their environment of denition is not open, whih
means that Cauhy-hains do no longer onverge or that they do not exist
at all.
In any ase, the lass of funtions under onsideration has to be extended.
Theorem 8
This makes non-minimal extensions possible, whih give rise to spaetime
warps.
Y ⊂ Z, z ǫ Z =⇒ z not ontinuous(0.17)
Proof
We have to extend the lass of funtions and the minimal extension would
be to assume, that derivatives of the funtion are no longer ontinuous.
But this is not the only possibility.
We might as well assume, the funtion itself is not ontinuous and in the ase
of ( 0.15), this indeed implies the existene of spaetime warps for spinning
7partiles.
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